In this note we classify some integrable invariant Sobolev metrics on the Abelian extension of the diffeomorphism group of the circle. We also derive a new two-component generalization of the Camassa-Holm equation. The system obtained appears to be unique bi-Hamiltonian flow on the coadiont obrit of Diff + (S 1 ) ⋉ C ∞ (S 1 ) generalizes the Camassa-Holm flow on Vect(S 1 ) * .
It is known that the Camassa-Holm equation can be interpreted as the flow on the coadjoint orbit of the diffeomorphism group of the circle. The Camassa-Holm equation was derived in [6, 7, 9] . Two-component generalizations of the equation were introduced in [1, 2, 3, 4, 5] , where some properties of the systems were studied. All these systems appear to be biHamiltonian flows on the regular part of the dual space of the Lie algebra g = Vect(S 1 ) ⋉ C ∞ (S 1 ). In this paper we consider a class of the Hamitlonian flows on the space g There is a standard way to construct a pair of compatible Poisson structures and obtain an integrable flow. Let g be a Lie algebra, g * be the dual space of g (the regular part of the dual space of g). One can define the canonical Lie-Poisson structure on g * given by
for all smooth f, g : g * → R. Each cocycle ω ∈ Z 2 (g) defines another Poisson structure on g * , which is compatible with the canonical Lie-Poisson structure. This structure is called the modified Lie-Poisson structure.
Let us recall some facts on the Camassa-Holm equation. The canonical Lie-Poisson structure on the regular part of the dual space of Vect(S 1 ) is represented by the skew-symmetric operator
The regular g * reg part of the dual space is the set of all linear functionals on g = Vect(S 1 ) of the form
and we identify the functionalm with the function m. [11] For the modified Lie-Poisson structure, which is obtained from the Virasoro cocycle, one has
Here δφ(m) denotes the gradient of the smooth functional φ(m). The field x(m) is known to be Hamiltonian with respect to the Poisson structure j 1 (m) = ∂ − ∂ 3 with Hamiltonian function
The corresponding evolution equation m t + x(m) = 0 is called the Camassa-Holm equation:
The main goal of this note is to construct analogous bi-Hamiltonian systems on the space g * reg , where
is the space of all (smooth) tensor densities on S 1 of degree 0, i.e. the Vect(S 1 )-module structure on
where f ∈ Vect(S 1 ). The canonical Lie-Poisson structure on g * reg is given by the operator
which defines the coadjoint action of the semi-direct product Vect( [10, 8] ), so the modified Lie-Poisson structure is represented by the constant (i.e. independent on the point m p ∈ g * reg ) operator
where m 0 p 0 ∈ g * reg and c 1 , c 2 , c 3 are constants. Note that the structures (2), (1) are actually defined on the coadjoint orbit (Diff
Consider a class of quadratic Hamiltonian functions on g * reg given by
where , denotes the L 2 pairing
and the symmetric "inertia" operator is chosen to be of the form
where a i , b i , γ, ε are constants such that M is strictly positive and invertible. This Hamiltonian function can be considered as a natural generalization of the Hamiltonian function h 0 (m). Now we state the main theorem of this note:
Theorem 1 Assume that m 0 , p 0 (see (3) ) are constant functions. The only vector field of the form X = J 0 δH 0 (where J 0 , H 0 are given by (2) , (4)) that is bi-Hamiltonian relative to the modified Lie-Poisson structure (3) is the Hamiltonian vector field defined by the following "inertia" operator:
where α, β, γ, ε are constants.
We obtain the second Poisson structure
and the second Hamiltonian function
The equations obtained have the form
where m = εu − εu xx + αv − βv x , p = αu + βu x + γv.
The proof of the theorem is based on the following simple observation. Let X be a smooth vector field on g * reg . Suppose that X is Hamiltonian with respect to the constant (i.e. independent on the point of g * reg ) Poisson structure J. This means that there is exists a smooth function H : g * reg → R such that X = JδH(m).
The operator dδH(m) is symmetric, since H(m) is a smooth function. Therefore, the operator
One can see that expressions (10) vanish unless l = k,
are polynomials in k 1 and k 2 . Straightforward calculation yields the result posed: the polonomials (11) coincide and (8) is satisfied only if the "inertia" operator (5) has the form (6). The second Poisson structure turns to be of the form (7). Let us consider some special cases of the bi-Hamiltonian flow constructed. Setting α = β = 0, ε = −γ = 1 we recover the system studied in [5, 3] :
where m = u − u xx . If, in turn, we set ε = γ = 0, α = β = 1, we recover the system introduced in [1, 4] :
which is equivalent to the system considered in [4] under x → −x, u → v, v → u. The same bi-Hamiltonian structures for (12), (13) were obtained in [5, 3, 1, 4] .
